Abstract. A simulation study of negative thermal expansion in Y 2 W 3 O 12 was carried out using calculations of phonon dispersion curves through the application of density functional perturbation theory. The mode eigenvectors were mapped onto flexibility models and results compared with calculations of the mode Grüneisen parameters. It was found that many lower-frequency phonons contribute to negative thermal expansion in Y 2 W 3 O 12 , all of which can be described in terms of rotations of effectively rigid WO 4 tetrahedra and Y-O rods. The results are strikingly different from previous phonon studies of higher-symmetry materials that show negative thermal expansion.
1. Introduction
Atomic-scale origin of negative thermal expansion
As has been highlighted in several recent reviews [1, 2, 3, 4, 5] , a growing number of materials have been identified as exhibiting negative thermal expansion (NTE): the phenomenon whereby a material shrinks, rather than expands, on heating. NTE is found in several framework material families, such as those represented by SiO 2 [6, 7] , Cu 2 O [8, 9, 10, 11] , ScF 3 [12, 13] , ZrW 2 O 8 [14, 15, 16, 17, 18] , Sr 2 W 3 O 12 [19] , Zn(CN) 2 [20, 21] as well as in a number of hybrid metal-organic framework materials [22, 23, 24] .
Our understanding of positive thermal expansion is based on the nature of interatomic bonding. The potential energy between a pair of bonded atoms is anharmonic and asymmetric about the position of the energy minimum, with the slope of the potential energy function being shallower in the direction of greater interatomic separation. As a result, when the material is heated and the energy of the atoms increases, the average separation of each bonded pair also increases. This implies an overall expansion of the bulk material on heating; that is positive thermal expansion, making negative thermal expansion a counter-intuitive and unexpected phenomenon.
Our qualitative understanding of NTE in framework materials is based on the fact that, in NTE systems, the energy cost of stretching interatomic bonds is typically much higher than transverse vibrations of those same bonds. For example, we could label two cations M and M that form a M-O-M linkage via a bridging oxygen atom. If the M-O and M -O bonds are very stiff, transverse displacements of the O atom will pull the M and M cations towards each other. Since the amplitude of a transverse displacement will increase on heating, this leads to negative thermal expansion. This mechanism is called the tension effect [1] .
The drive towards positive thermal expansion exists in all materials, including those with overall NTE. Therefore, for a material to show NTE, the amplitude of the oxygen displacement must be sufficiently large to outweigh those mechanisms that drive positive thermal expansion. Given that the amplitude of a phonon is inversely proportional to the square of its frequency, an NTE-driving phonon must also have low frequency to achieve this condition.
All of the NTE-exhibiting material families mentioned above share one significant feature: their crystal structures can all be described in terms of an infinite threedimensional network of corner-sharing structural polyhedra (such as SiO 4 , WO 4 , OCu 4 and ZnN 4 tetrahedra, and ScF 6 , ZrO 6 , and YO 6 octahedra). Deformation of coordination polyhedra is likely to require higher energies due to the electrostatic repulsion between oxygens at the polyhedral vertices or to the high sensitivity of d-orbital bonding around a metal coordination centre with respect to bonding geometry. Therefore, any tension effect that avoids or minimises deformation of those polyhedra is more likely to be acting at a low enough frequency to drive macroscopic NTE.
The conditions outlined above describe a Rigid Unit Mode (RUM) [15, 25, 26, 27] : a low frequency phonon with rotations and translations of effectively rigid coordination polyhedra. The RUM model can be used to explain why structures with stiff coordination polyhedra have tension effect vibrations with sufficiently large amplitude to drive NTE [28] . In cases such as ScF 3 [13] , Zn(CN) 2 [21] and Cu 2 O [11] , lattice dynamics calculations have shown that the phonons responsible for NTE are RUMs involving motion of ScF 6 octahedra, Zn(C/N) 4 tetrahedra and CuO 2 rods respectively moving as rigid units. The case of ZrW 2 O 8 is one that we will consider in a separate publication but, as a prelude to this, we consider here the case of Y 2 W 3 O 12 -a material which, intriguingly, cannot support RUMs [29] but does exhibit NTE [30, 31] is shown in figure 1 -and thus, whilst they can (and in the case of this family, do) have volumetric NTE, their expansion is anisotropic. The A 2 M 3 O 12 family is of interest because of its customisability: the A site can withstand a wide range of substitutions, from ions as small as Al 3+ to ions as large as Ho 3+ [3] , providing the opportunity to tune thermal expansion behaviour. In general, the smaller the A cation, the smaller the NTE; in extremis Al 3 W 2 O 12 actually exhibits weak PTE [32] .
Unlike most
shows NTE along all three axes [30] . This is unusual for a non-cubic NTE material as they typically undergo NTE along one or two axes coupled with PTE along the remaining axis or axes [34] . Furthermore, Y 2 W 3 O 12 has some of the largest coefficients of NTE of the entire A 2 M 3 O 12 family; its average linear expansion coefficient has been measured as −7.0 MK −1 [30] , which equates to a volumetric coefficient of thermal expansion of
is an NTE material of particular interest to us because, if thought of as a series of rigid YO 6 and WO 4 coordination polyhedra, then the crystal structure would be too over-constrained to support RUMs (this is discussed further in Appendix A). The existence of NTE in this material therefore suggests a degree of flexibility of either or both of the YO 6 octahedra and WO 4 tetrahedra, and it is important to understand how this flexibility generates a tension effect of sufficient strength to generate NTE.
Analysis of neutron diffraction data [30] suggests that NTE in Y 2 W 3 O 12 may be driven by transverse vibrations of oxygens within the Y-O-W linkages, as per the tension effect. However, this prediction has yet to be confirmed through analysis of the vibrational spectrum. No experimental study of the phonon spectrum of Y 2 W 3 O 12 has yet been published but parametrised interatomic potential calculations [35] have suggested possible NTE phonons between 1 and 2.5 THz that may correspond to the tension effect. However, this model was only fitted to the structure (sensitive to the first-order differentials of the interatomic potential) and not to any property that will give information about the important second-order differentials (essential for vibrational frequencies). Moreover, the model includes interactions that depend on the Y-O-W bonds but nothing dependent on the more useful O-Y-O or O-W-O bonds.
In this paper we investigate exactly where in the Y 2 W 3 O 12 phonon spectrum the structure flexibility manifests itself and, since the RUM model is not applicable, how NTE phonons exist in enough of the spectrum (and at low enough frequencies) so as to give rise to an overall negative coefficient of thermal expansion. To do this, we use an approach similar to that used in our studies of Zn(CN) 2 [21] , Cu 2 O [11] and MOF-5 [36] , that is we perform ab initio calculations of the material's phonon spectrum that are then compared to models of structural flexibility. Lattice dynamics calculations have recently been reported for the related material Y 2 Mo 2 O 12 [37, 38] which, like Y 2 W 3 O 12 , also shows NTE along all three axes [39] . However, the approach taken in this paper (examining the full set of dispersion curves) was not followed in [37, 38] .
Methodology

Ab-initio calculations
Density Functional Theory (DFT) calculations were carried out using the CASTEP code [40] . This uses a plane-wave basis set to describe the electronic wave functions together with the pseudopotential method to remove the need to handle core atomic electrons explicitly. We used the GGA-PBE functional [41, 42] and CASTEP's internal on-the-flygenerated pseudopotentials for Y, W and O, regenerated so as to be norm-conserving. The material was explicitly defined as an insulator for all calculations. Forces, stresses and dielectric constants were converged to within 0.005 eVÅ −1 , 0.01 GPa and 0.00025 respectively. This was achieved using a plane wave cutoff energy of 1200 eV and a 3 × 2 × 3 Monkhorst-Pack [43] grid of wave-vectors for the integration of electronic states across the Brillouin zone. Geometry optimisation at 0 GPa gave final structural parameters as detailed in table 1. Agreement with experiment is reasonable although, as ever with the GGA model, the calculation slightly overestimates bond distances and lattice parameters. Table 1 shows that the differences occur mostly in the range ≤ 1% except for the b lattice parameter (just under 2% discrepancy).
Phonon frequencies were calculated using Density Functional Perturbation Theory (DFPT) [44, 45] with a 3 × 2 × 3 Monkhorst-Pack [43] grid that was offset to place one of the wave-vectors at the origin of reciprocal space. Fourier interpolation was used to calculate phonons for wave vectors along high-symmetry directions [46, 47, 48, 49, 50] for the production of dispersion curves. In addition, phonons were calculated for 490 wave-vectors spaced randomly throughout the Brillouin zone for the production of the vibrational density of states. This level of sampling of wave vectors proved to be sufficient to achieve convergence of phonon properties.
Lattice dynamics calculations and thermal expansion
The role of individual phonons in thermal expansion is represented by the mode Grüneisen parameter γ k,i [1] , which quantifies the change in phonon frequency with volume through the relation
where V is the crystal volume and ω k,i is the angular frequency of the phonon of branch i and wave vector k.
Within the quasi-harmonic approximation (the approximation in which all temperature dependence of phonon frequencies occurs indirectly through changes in force constants arising from changes in volume) the coefficient of volumetric thermal expansion α V is given as
where
c k,i is the contribution of the individual phonon mode to the overall heat capacity, T is the temperature, B is the bulk modulus, is the reduced Planck's constant, and n(T, ω) is the Bose-Einstein distribution for phonons. A negative value of γ k,i indicates that the phonon i at wave vector k contributes to negative thermal expansion and, if a sufficient number of modes with a large enough negative value of γ k,i exist, the overall outcome for the system is a negative value of α V , that is, NTE.
Application of lattice dynamics and Grüneisen theory
Since Y 2 W 3 O 12 has an orthorhombic lattice, changes in cell size (∆V ) were achieved through variable-cell geometry optimisation at an applied hydrostatic pressure. Testing showed that an applied pressure of −0.06 GPa resulted in the desired cell volume change of approximately 0.1%. The structure was optimised at both this pressure and zero pressure, with phonon frequencies also calculated at both pressures for a set of random wave vectors and for wave vectors along the key symmetry directions in reciprocal space. In order to calculate the change in frequency for a particular mode with change in volume, ∆ω k,i , we used an eigenvector matching algorithm to ensure that we calculated ω k,i for equivalent modes (Appendix B). From these results we generated the set of mode Grüneisen parameters numerically as γ k,i = (∆ω k,i /ω k,i )/(∆V /V ).
Flexibility models
Our approach was to identify the origin of negative γ k,i values in terms of the flexibility of the structure. We therefore constructed a number of flexibility models in which we enforced a high degree of rigidity for certain bonds or structural units, whilst maintaining force constants of zero value for other bond stretching or bending motions. This meant that any phonon calculated for a given flexibility model would have zero or nearzero frequency if that phonon did not violate the constraints of that model, and high frequency otherwise.
The objective was to compare eigenvectors of phonons from the ab initio lattice dynamics calculations with eigenvectors of those zero or near-zero frequency modes calculated for the constructed flexibility models. This allowed us to pinpoint different types of atomic-scale motion in the highly complex ab initio dispersion curves (including those regions which drive NTE) with relative ease.
The flexibility models considered are best described as combinations of separate components that represent different structural units. Hence, the YO 6 units were represented by one of
(ii) Rigid YO 6 octahedra while the WO 4 units were represented by one of
The construction and application of these models is discussed in Appendix C.
It has been suggested that in ZrW 2 O 8 , a similar material to Y 2 W 3 O 12 (in that both are frameworks of corner-linked tetrahedral and polyhedral groups of atoms), the NTE phonons may exhibit strong correlations between the motions of adjacent metal sites, with the W-O-Zr bond angles remain undistorted [17, 18, 51] . In order to investigate the possibility of a similar correlation between Y and W atoms in Y 2 W 3 O 12 , additional flexibility models were constructed such that Y. . . W correlations could be taken into account via one of
In total this yielded eight different Y 2 W 3 O 12 flexibility models. However, the two models containing both rigid WO 4 tetrahedra and rigid YO 6 octahedra are over-constrained (see Appendix A and [29] ) and are, therefore, not discussed here (although models were constructed and tested to confirm this was actually the case).
The six remaining flexibility models were constructed as a set of simple force field models within the GULP lattice simulation program [52] . Simple bond stretching and bond angle bending forces were added to each model as discussed in Appendix C, using the ambient pressure structure calculated by CASTEP at 0 GPa.
In order to compare the eigenvectors of the ab initio simulation with those of the flexibility model, we define a dimensionless 'match' coefficient, m k,i , as 
Shows the same data shaded according to the value of γ k,i of each mode at each wave vector. The colour scale ranges from red (γ k,i ≤ −9) to white (γ k,i = 0) through to blue (γ k,i ≥ +9). Bins that make up the density of states are shaded according to the average γ k,i for each bin using the same colour scale.
significant distortions of the rigid units described in the flexibility model. Therefore m k,i is a measure of the extent to which mode i of wave vector k in the ab initio model matches any modes given in the flexibility model at the same wave vector. Our practical implementation of this mode matching is described in Appendix B and Appendix C. Figure 2a shows the calculated phonon dispersion curves and density of states of Y 2 W 3 O 12 in the 0-12 THz frequency range. As can be seen, Y 2 W 3 O 12 dispersion curves are relatively complex due to many mode crossings and the existence of multiple phonons within a tight frequency range. Nevertheless, it can be seen that the density of states is a continuous function up to about 8 THz, with a gap before another band of phonons in the range 9-11.5 THz. Not shown in the diagram is a further tight band of higherfrequency vibrations around 24 THz and a final set of vibrations between 27-30 THz.
Results
Phonon dispersion and mode Grüneisen parameters in Y
There are 204 separate modes i for any wave vector k. The two highest-frequency bands (24 and 27-30 THz) consist of 48 individual modes, the band between 9-11.5 THz consists of 60 individual modes, and the broad band from 0-8 THz consists of the other 96 modes. We discuss eigenvectors associated with these bands in the next subsection. Figure 2b shows the dispersion curves with colours used to represent the values of the associated mode Grüneisen parameters γ k,i (red for negative and blue for positive values respectively). It is interesting to note that the dispersion diagram is divided into large bands of negative or positive values of mode Grüneisen parameters. This feature stands in contrast to other recently studied systems such as Cu 2 O [11], ScF 3 [13] , Zn(CN) 2 [21] and MOF-5 [36] , where phonons with significantly different values of mode Grüneisen parameters can exist at similar frequencies due to the significant dependence of the NTE phonon eigenvectors on wave vector. The strongest contributions to NTE come from phonons around 0.7-1 THz (γ k,i ∼ −9 on average, with values of ∼ −15 at wave vectors near the Brillouin zone points S and T). Acoustic modes also contribute to NTE, as is the case in some other systems recently studied [11, 21, 36] . We note that recent ab initio calculations of the mode Grüneisen parameters at the Γ point in Y 2 Mo 3 O 12 using the frozen-phonon method also show a large number of modes with negative values, but see smaller values except for the lowest-frequency mode [37] .
A second group of strongly-NTE phonons exists around 1.8 THz but, more generally, it can be seen that all the phonons up to around 5 THz have negative γ k,i (albeit approaching zero values as the frequency increases to 5 THz). There is also a higher frequency band of weak NTE modes around 9-10 THz γ k,i ∼ 0. Weak, low frequency, PTE modes exist around 5-8 THz and for frequencies larger than 10 THz. In what follows we use the information presented in figure 2 and figure 3 to correlate the NTE phonons identified in section 3.1 with the vibrations permitted by the six The addition of the constraint that keeps the Y. . . W distance fixed yields similar results. This flexibility model has 60 excess degrees of freedom (reduced from the original 96; see Appendix A). Figure 3 shows that the same eigenvector mixing that was observed previously is still present, and that the reduced flexibility of this model manifests itself in a reduction in the match with the ab initio phonons (seen in the lighter greyscale shading in figure 3 ) across the whole phonon spectrum. We can conclude that the eigenvectors of all phonons with frequencies in the range 0-12 THz in Y 2 W 3 O 12 involve some changes in Y. . . W distance.
Flexibility model mapping
Rigid WO 4 tetrahedra and Y-O bonds.
The analysis of Appendix A shows that the flexibility model for Y 2 W 3 O 12 consisting of rigid WO 4 tetrahedra and Y-O rods has 48 excess degrees of freedom. This model is still highly flexible, albeit less flexible than the two rigid rod models discussed above. Figure 3 shows, once again, that a high degree of eigenvector mixing occurs for this system with each flexibility model phonon spread across multiple ab initio phonons. It can also be seen that the lower overall flexibility manifests itself in the lightening of the greyscale, indicating a weaker overall match with the ab inito phonons. This lightening is not uniform; match values are still relatively strong in the 0-5 THz region and approach a perfect match for the lowest frequency phonons. Above 5 THz the match between this model and the ab initio phonons decreases with increasing frequency. The largest reduction in the match with the flexibility model is in the 9-11.5 THz region. We can identify this region with the modes involving significant bending of the bonds within the WO 4 tetrahedra. The analysis of Appendix A shows that the number of WO 4 bond-bending modes is 60, which is exactly the number of modes in the 9-11.5 THz region.
The phonons in the 0-5 THz range also correspond to the strongest NTEdriving phonons. This, together with the above observations, suggests that these lowest frequency NTE modes correspond to motion of near-rigid WO 4 figure 3 shows that the overall match between this flexibility model and the ab initio dispersion curves is lower than for the rigid WO 4 /Y-O model. Once again, a significant amount of eigenvector mixing is also apparent.
The strength of the match between this model and the ab initio phonons is greatest for the lowest frequency NTE phonons in the 0-2 THz range. In general, the match is weaker than that found for the rigid WO 4 tetrahedra/Y-O rod model and, aside from the acoustic phonons at the Γ point, a perfect match is never achieved. There is one exception to this; in the 9-10 THz range the match between this model and the ab initio phonons increases slightly and is slightly stronger than that for the rigid WO 4 tetrahedra/Y-O rod model, which is consistent with the identification of the frequency region above 9 THz corresponding to WO 4 bond-bending modes. At frequencies above 10 THz the match values decrease once again.
This all suggests that the full phonon spectrum of Y 2 W 3 O 12 involves some degree of O-Y-O bond angle bending. The amount of bending is least in two NTE regions of the phonon spectrum: the strongest NTE phonons in the 0-5 THz frequency band and the weak NTE phonons in the 9-10 THz frequency band. The latter is also a region where significant O-W-O bond angle bending can been seen. Otherwise, the general trend observed is for the degree of O-Y-O bond angle bending to increase as a function of increasing frequency.
The analysis of Appendix A shows that the addition of the Y. . . W distance constraint leads to the flexibility model having more constraints than degrees of freedom. This result is confirmed by the corresponding data plotted in figure 3 , which show a negligible match between the flexibility model and the ab initio phonons.
Discussion
In materials where NTE has been studied through lattice dynamics calculations of dispersion curves and associated mode Grüneisen parameters (for example, Cu 2 [10, 11] , ScF 3 [13] , Zn(CN) 2 [21] , MOF-5 [36] ), it has usually been found that there is a welldefined set of low-frequency modes with negative mode Grüneisen parameters. In this study we have found that Y 2 W 3 O 12 is unusual in that a high degree of eigenvector mixing occurs, leading to the existence of broad bands of phonons with either negative or positive mode Grüneisen parameters.
More specifically, this study has found that NTE in Y 2 W 3 O 12 is primarily driven by phonons in the 0-5 THz frequency range, with the strongest contribution coming from those phonons at the lowest frequencies. There is also some weaker contribution to NTE from another band of phonons in the 9-10 THz frequency range. All other phonons drive PTE.
We had previously shown that any material containing octahedra within a cornerlinked network with no non-bridging bonds cannot support RUMs [29] (the ScF 3 structure being the one exception, as discussed in reference [27] ). Thus it follows that NTE in Y 2 W 3 O 12 does not arise from the 'traditional' RUM mechanism [28] based on rigid YO 6 octahedra and WO 4 tetrahedra. Our flexibility analysis reported here has found that the NTE phonons in this system involve motion of rigid Y-O and W-O rods as per the tension effect enabled by relatively stiff cation-oxygen bonds.
However, the tension effect appears to act here as part of a more complex process. In the 0-5 THz range (which contributes strongly to NTE) the WO 4 One issue that remains unexplained is the variation in the size of the negative mode Grüneisen parameter for the lowest frequency NTE phonon at the S and T points in reciprocal space. The flexibility models considered here do not highlight anything unusual happening at these points; nevertheless Grüneisen parameters do become more negative, changing from ∼ −9 to ∼ −15 as these points are approached.
Summary
We have investigated the origins of negative thermal expansion in Y 2 W 3 O 12 , a structure that is too over-constrained to support RUMs but does, nevertheless, exhibit strong NTE. Ab-initio lattice dynamics calculations were used to generate phonon data that were analysed using a variety of flexibility models that identified NTE as being driven primarily by vibrations of effectively rigid WO 4 tetrahedra and Y-O rods. Such a mechanism can exist at the low frequencies necessary for macroscopic NTE because deformation of the O-Y-O bond angle in Y 2 W 3 O 12 involves very little energy cost.
We have also observed that, unlike other recently-studied NTE materials, there is a high degree of eigenvector mixing occurring in Y 2 W 3 O 12 . Eigenvectors associated with motions such as bond-bending are mixed across phonons spanning the whole frequency range so completely that there are no modes significantly associated with just one type of motion. As a result, unlike many NTE systems where specific phonons drive NTE, in Y 2 W 3 O 12 NTE is characterised by large bands of phonons with the same sign-and similar value-of mode Grüneisen parameter.
Appendix A. Flexibility analysis
At several points in this paper we use a rigidity analysis following the approach originally developed by James Clerk Maxwell [54] . In a 'Maxwell count' we may consider a structure to be a set of points (in this case atoms) connected by rods (in this case bonds). Each point has three degrees of freedom (x, y and z translations) and each rod is taken to be rigid and thus represents a constraint. The number of excess degrees of freedom N e is determined by the number of degrees of freedom N f and the number of constraints N c such that,
The larger the positive value of N e , the more flexible the structure. Conversely, if N e is negative, then the structure is over-constrained and has no flexibiility.
To illustrate this approach we can calculate the constraints and degrees of freedom of an isolated WO 4 tetrahedron. This has 5 atoms and therefore N f = 5×3 = 15 degrees of freedom, while the 4 W-O bonds contribute 4 constraints. To make the tetrahedron rigid requires an additional 5 constraints on the internal bond angles (these can be thought of in terms of adding O-O bonds but, whilst there are 6 such bonds in a WO 4 tetrahedron, only 5 are required to make the structure rigid with the sixth being redundant). N c = 4 + 5 = 9 and thus, the number of excess degrees of freedom of a rigid WO 4 tetrahedron is N e = 15 − 9 = 6, which corresponds to the number of degrees of freedom of a three-dimensional rigid body (i.e. 3 translational plus 3 rotational).
Similarly, for an isolated YO 6 octahedron with 7 atoms, N f = 7 × 3 = 21. The octahedron also contains 6 Y-O bonds which act as constraints and, to make the octahedron completely rigid, it requires another 9 constraints on its internal bond angles. Thus N c = 6 + 9 = 15 and N e = 21 − 15 = 6. Once again, this is the standard result for a three-dimensional rigid body.
Applying Maxwell counting to the crystal structure of Y 2 W 3 O 12 , we note that the system has 4 formula units per unit cell with Y-O-W linkages between WO 4 tetrahedra and YO 6 octahedra and no non-bridging bonds. Modelling Y 2 W 3 O 12 as a series of unconstrained atoms, we have N f = 17 × 3 × 4 = 204; this number corresponds to the number of normal modes for any wave vector for this crystal.
Using the above, we can now add the constraints associated with the flexibility models of Y This result is consistent with the assertion that a system of corner-linked rigid tetrahedra and octahedra with no non-bridging bonds is over-constrained and cannot support any RUMs [29] .
An and eigenvectors for a given set of wave vectors. It uses these eigenvectors to match modes from one wave vector to the next via a calculation of e k · e k+δk , where e k is any phonon eigenvector at wave vector k and neighbouring wave vectors in the calculation differ by δk. For small δk, only one of the products of eigenvectors will have a value close to unity, and this continuity of points between wave vectors is easy identified.
Dispersion curves are drawn directly and saved as an encapsulated PostScript (EPS) file, rather than by printing out a list of ordered data for another plotting program. This allows for the plotting of dispersion curves for many directions in reciprocal space simultaneously. Figure 2a is an example of this application.
The same eigenvector matching approach is used when numerically evaluating the difference in frequencies between identical modes for lattice dynamics calculations from different volumes. Here, the program takes as input two sets of phonon frequencies and their eigenvectors. Given phonon data calculated for the same material and the same wave vectors but at different pressures/volumes, the program initially matches up equivalent modes for the two different pressures/volumes via the comparison of eigenvectors using the product e k · e k , where e k and e k are eigenvectors of phonons at the same wave vector but different volumes. It then calculates the mode Grüneisen parameters using the two sets of mode frequencies. When dispersion curves are plotted using the above approach, each mode is shaded according to its corresponding value of the mode Grüneisen parameter: red is chosen for negative values, blue for positive values, with both colours graduating towards white as values approach zero. Figure 2b is an example of this application.
The third capability of the program is to compare the eigenvectors of two separate phonon calculations, calculating a 'match' parameter using (4) and converting this match value to a grey-scale value for the small section of the plotted dispersion curve, with black representing a value of 1 and white representing a value of 0. Figure 3 is an example of this application.
The program was written in a modern dialect of Fortran (2008) . It is available from the authors of this paper (send email to the corresponding author), together with a detailed instruction document. Other examples of its use are to be found in references [11] , [21] and [36] .
Appendix C. Implementation of flexibility models As in our work on Cu 2 O [11], we constructed simple models that represent an idealised flexibility of the Y 2 W 3 O 12 crystal structure. Bonds included in any flexibility model were simulated using a potential energy function of the form
where E bond is the energy of the bond, r is the length of a bond, r 0 represents the expected bond length, and k is a constant with a large value. Bond angles were represented by a similarly simple function of the form
where E angle is the energy of the bond, θ is the angle of a bond, θ 0 is an 'ideal' (typically of order 90
• or 109.47
• ), and K is a constant. The intention of this model is to give zero or near-zero (relative to the value of Ω in (4)) frequencies for phonons that represent flexible modes of the model; namely modes whose eigenvectors do not involve stretching or bending of the specified bonds.
The exact values of k and K used in (C.1) and (C.2) will not change the eigenvectors of these modes (which are fixed by geometry and topology) and will primarily change the frequencies only of the modes that involve stretching and bending of bonds and whose frequencies will be larger than Ω. Tuning of these parameter values against frequencies of the real material is not desirable, since the models are only abstractions designed to identify the rigid and flexible regions of the crystal structure and are not intended reflect any other properties of the real system. The flexibility models used in this paper were implemented using the GULP lattice modelling program [52] .
